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Abstract 

In this paper, we investigate the surfaces generated by binormal motion of 
Bertrand curves, which is called Razzaboni surface, in Minkowski 3-space. We 
discussed the geometric properties of these surfaces in according to the char¬ 
acter of Bertrand geodesics. Then, we define the Razzaboni transformation for 
a given Razzaboni surface. In other words, we prove that there exists a dual of 
Razzaboni surface for each case. Finally, we show that Razzaboni transforma¬ 
tion maps the surface a, which has Bertrand geodesics with constant curvature, 
to the surface a* whose Bertrand geodesics also have constant curvature with 
opposite sign. 
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1 Introduction 

Bertrand curves are well-studied classical curves in Euclidean space and Lorentzian 
space Curves of constant curvature or torsion constitute particular Bertrand 

curves and Bertrand curve shares its principal normals with another Bertrand curve, 
which is called Bertrand mate. The surfaces, which admits geodesic embedding 
of Bertrand curves, were deeply studied by Amilcare Razzaboni m- Then the 
class of surfaces with Bertrand geodesics came to be called Razzaboni surfaces |14] . 
In particular, Razzaboni surfaces, which have Bertrand geodesics with constant 
curvature or torsion, was discussed in earlier work of Razzaboni uni, 0. 

The Razzaboni surface can be considered as a surface which is generated by binor¬ 
mal motion of Bertrand curve mi. The binormal motion of curves with constant 
curvature and torsion is discussed in [13], [12]. On the other hand, motion of timelike 
surfaces in timelike geodesic coordinates is examined in the study [5]. 

In this study, we investigate the Razzaboni surfaces in Minkowski 3-space in three 
different cases. The geometric properties of Razzaboni surfaces in geodesic coor¬ 
dinates are stated for each case. And, we define Razzaboni transformation for a 
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given Razzaboni surface in M^. Then, we examine the curvature and torsion of the 
Bertrand geodesics of dual Razzaboni surface. Moreover, the Gaussian curvature of 
Razzaboni surface are given for each case. Finally, the dual Razzaboni surfaces are 
examined in the case geodesic of constant torsion or curvature, respectively. 

2 Preliminaries 

In this part, we give a brief summary of Razzaboni surface in Euclidean 3- Space, 
|14j . Then, some essential properties of curves in Minkowski 3-space are given to 
provide the necessary background 0, In- 

Definition 1 Two curves which, at any point, have a common principal normal 
vector are called Bertrand curves. Moreover, curves for which there exists constants 
A and B such that 

Ak + Bt = 1 

are also known as Bertrand curves. Here k is the curvature and r is the torsion of 
the curve. 

We know that a curve is a geodesic on a surface a if and only if the principal normal 
of the curve is parallel to the normal N of the surface. This means that if the surface 
a is spanned by one parameter family of geodesic Bertrand curves a with the same 
constants A and B then the Bertrand mate a* form a parallel surface a* on which 
they are likewise geodesics [Ill- 

Let a = a(u, v) be a one parameter family of geodesics with geodesic coordinates. 
Then the first fundamental form of the surface is of the form 

I = du'^ + 

Here, u— parameter curves are unit speed geodesics and v— parameter curves form 
the orthogonal parallels. Since cr^ T and principal normal n of the geodesics is 
orthogonal to the surface, then the tangent vectors of coordinate line should be of 
the form 

(7u — t, — Xb 

where b denotes the binormal vector field of the geodesics. The surface a is generated 
by motion of a in extensible curve in binormal direction with the speed A. Thus, a 
Razzaboni surface can be considered as a surface which is generated by binormal 
motion of Bertrand curve with the same constants A and B. The variation of Frenet 
Frame {t, n, b} of the geodesics in u— direction is given by Serret Frenet equations; 
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The variation of {t, n, b} in v— direction should be of the form 
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By using the compatibility condition auv = o'yu, we get 

an + /3b = —rXn + Xyb. 
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Thus, the variation of {t, n, b} in v— direction becomes 
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The compatibility conditions t^v = = n^u and buv = b^u gives the following 

undetermined system 

't^A, 

Tv — 'Ju T 
Ku = r^A + K'y. 

The above system can be considered as the Gauss-Minardi-Codazzi equations for 
the surface with geodesic coordinates. If the constraint 

Ak + Bt = 1 

is imposed then the system is well determined and the surface is guaranteed to be a 
Razzaboni surface |14] . 

In the case of j 4 = 0, the geodesics have constant torsion. Choosing B = t = 1 
without loss of generality, the system becomes 

— 2A^, 

0 — 'Ju + kA^(, 

A«n = A + KJ. 

This integrable system may be regarded as an extension of the sine-Gordon equation; 

^uv = sinT. 

A single equation is obtained as follows: 

by setting n = 9u and A = — ^. 

In the case of R = 0, the geodesics have constant curvature. Choosing A = k = 1 
without loss of generality, the system becomes 


0 ‘2T 

Tv T Xy, 

Xyy — T A T y. 


If we set A = -^, then the system reduces to 


Tv = 


/ 1 ^ r- 1 

{ — )uy-TVT+—^ 

T VT_ 


which represents an extension of the Dym equation 

Tv — ( ^)uuu- 
VT 
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It can be noted that, the extended Dym equation is generated by binormal motion of 
an inextensible curve with the speed For further discussions about the Razzaboni 
surfaces, the readers are referred to HU. 

The Minkowski 3-space, denoted by M^, is Euclidean 3-space equipped with Lorentzian 
inner product 

(rt, n)L = -uivi -h U2V2 + U3V3 

where u = {ui,U2,U3), v = {vi,V2,V3) £ M^. Lorentzian inner product characterizes 
the elements u = (ui, U 2 , ^ 3 ) of M^. 

if (n, > 0 or rt = 0 then u is called spacelike, 

if {u, u)j^ < 0 then u is called timelike, 

if (n, n)^ = 0 and u / 0 then u is called lightlike or null. 

The norm of n = {ui,U2,U3) E is defined by ||n|| = ^/\{u,u)\. Lorentzian vector 
product of n = {ui,U2,U3) and v = {vi,V2,V3) E is dehned by 


-ei 

62 

63 

Ul 

U2 

U3 

Vl 

V2 



For details, see m, la, lei- 

A curve a in is called timelike, spacelike or null if and only if tangent vector field 
t of a is timelike, spacelike or null, respectively. Let q;(s) be a unit speed nonlightlike 
curve in M^, i,e., = £i = ±1. The constant Si is called the casual character 

of a. Frenet frame field {t,n,b}, which is an orthonormal field along a, satisfy the 
Serret-Frenet equation.' 
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The functions k > 0 and r are called the curvature and torsion, respectively. The 
constants 62 = (n, n)^ and 63 = {b, 6 )^ are called the second casual character and 
third casual character of a, respectively m, [ 21 , m- 

3 Razzaboni Surfaces Minkowski 3-Space 

In this part, Razzaboni surfaces in Minkowski 3-space are investigated in three 
different cases. 

Case 1: Geodesic Bertrand curves of the Razzaboni surface have timelike 
principal normal. 

Let a = cr{u, v) be a one parameter family of geodesic Bertrand curve with time¬ 
like principal normals in M^. And let u and v be the geodesic coordinates of the 
Razzaboni surface a. Then the first fundamental form of the surface is of the form 


I = dv? + X^dv"^. 


Here u— parameter curves are unit speed spacelike Bertrand geodesics and v— pa¬ 
rameter curves forms orthogonal spacelike parallels. Since = 0 and the 
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principal normal n of geodesics are normal to the surface, then the tangent vectors 
of coordinate curves are given as 

du = t and = Xb 


where b denotes the binormal vector field of geodesics. The variation of the Frenet 
Frame {t, n, b, } of Bertrand geodesics in u— direction is obtained as follows; 
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by setting {ei,e 2 ,£ 3 ) = (1,—1,1) in equation 1. The variation of {t,n,b} in v— 
direction must be in the following form: 
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The compatibility condition duv = d^u implies that 

an + /3b = (—Ar)n + Xub. 

So, we get a = — Ar and /3 = A^.Then the variation of {t,n,b} in v— direction 
becomes 
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On the other hand, the compatibility condition tuv = implies that 

tuv = {-Kn)v = (AKr)f + (-K„)n + {-Kj)b, 

tvu = (-Arn + Xub)u = {XKT)t + (-Ar„ - 2A„r)n + {-K'y)b. 


So we get 


Ky XTu T ‘^Xy^T. 


And by the compatibility condition Uyy = Uyy, we obtain 


nuv = {-nt - Tb)y = {-Ky + XuT)t + {kXt - T^)n + (-A„k - Ty)b, 

nvu = (-Art + 'yb)u = (-A„t - Xvu/t + {kXt - rj/n + i'yu)b. 


Thus, we get 


Ty - XyK 


Finally, the compatibility condition byy = byy gives that 


buv = {-Tn)y = (AT^)t + {-Ty)n + {-T'y/b, 

bvu = (-Ant + 'yn)u = (-Ann - Kj/t + {XyK + Ju)n + {-Tj/b. 


Then, we get 


Ann = -Ar^ - K7 
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The system 


Ky - T 2A-iiT, 

'^v — 

Ku = -Ar^ - K7 

may be regarded as the Gauss-Minardi-Codazzi equations for the surface. If the 
constraint 

Ak + Bt = 1 

is imposed then the system is well determined and the surface a is guaranteed to be 
a Razzaboni surface. 


Now, let’s suppose that (/9 is a transformation between two Razzaboni surfaces in 
defined as a* = . And let {t*,n*,b*} be the Frenet Frame of Bertrand 

geodesics of Razzaboni surface a*. Then the u*— parameter curves are unit speed 
spacelike Bertrand geodesics and v*— parameter curves forms orthogonal spacelike 
parallels. If the following properties are satisfied: 


i) \a — a*\ = constant; 

ii) a — (T*_L 6; 

iii) a — a* 1- 6*; 

iv) (6, 6 *)l = constant, 


then if is called a Razzaboni transformation and the surface a* is called dual 
Razzaboni surface of a. By the first property, the distance between corresponding 
points of the surfaces is constant. So, we can write 

a*{u, v) = ip {cr{u, v)) = a{u, v) + An{u, v). 

Since the geodesics of the Razzaboni surfaces a and a* are Bertrand mates, we have 
n = n*. Also we get 

(T* = + Auu = (1 — AK)t — Arb = T{Bt — Ab). 


That is 


Since b* 


And 


Bt — Ab 

—t* Xl n*, we obtain 

At + Bb 
b = , 

\/A2 + R2 

du* = yA2 + B'^rdu. 


Then, we have 


{a* - a, 6 )l = {An,b)^ = 0, 

{a* - a, 6 *)l = (An, At + 56)^ = 0, 

(6, r )l = {b, At + ^ 


\/A2 + R2 


\/A2 + R2 • 
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Thus, the properties ii), hi) and iv) are also satisfied which means that ip : a ^ a 
is a Razzaboni transformation. On the other hand, we have 


Then, the curvature of Bertrand geodesic of dual Razzaboni surface is found as 
* /,* -kB + At . . Bk- At 


Moreover, we have 

yl B —Ak — Bt —1 

“ {A^ + B^)t^^ {A^ + B‘^)t ^ {A-^ + B^)t {A‘^+B^)t 


Then, we get 


r* = (&:*, n*)L = 


-1 


( yl 2 + b^)t 




(y 42 + R2)^- 


Case 2: Geodesic Bertrand curves of the Razzaboni surface have timelike 
binormals. 

Let a = cr{u, v) be a one parameter family of geodesic Bertrand curve with timelike 
binormals in M^. And let u and v be the geodesic coordinates of the Razzaboni 
surface a. Then the first fundamental form of the surface is of the form 

I = du^ — X^dv"^. 

Here the curves u— parameter curves are unit speed spacelike Bertrand geodesics 
and V— parameter curves forms orthogonal timelike parallels. Since = 0 

and the principal normal n of geodesics are normal to the surface, then the tangent 
vectors of coordinate curves are given as 

(Ju = t and ay = Xb 

where b denotes the binormal vector held of geodesics. The variation of the Frenet 
Frame {t, n, b,} of Bertrand geodesics in u— direction is obtained as follows: 
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by setting {si,S 2 ,S 3 ) = (1,1,—1) in equation 1. The variation of {t,n,b} in in¬ 
direction must be in the following form: 
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The compatibility condition ayy = ayu implies that 

an + /36 = (Ar)n + Xyb. 
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So, we get a 
becomes 


Ar and /? = A^. Then the variation of {t,n, 6 } in v— direction 
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On the other hand, the compatibility condition tuv = tvu implies that 


tuv = (Kn)t, = {-\KT)t + (K„)n + (k 7 ) 6 , 

tvu = (A™ + \ub)u = (-AKr)t + {Xtu + 2A„r)n + (^ 7 ) 6 . 


So we get 


Ky - XTv T ‘^XvT. 


And by the compatibility condition Uw = nw, we obtain 


nuv = {-Kt + Tb)v = {-Kv + \uT)t + {-kXt + T'y)n + (-A„K + Tv)b, 

rivu = {-Xrt + 'yb)u = {-XuT - Ar„)t + {-kXt + T'y)n + ( 7 „) 6 . 


Thus, we get 


Tv = XuK + 'Ju- 


Finally, the compatibility condition bw = byu gives that 


buv = {Tn)v = i-XT‘^)t + {Tv)n + (r7)6, 

bvu = {Xut + 7n)„ = {Xuu - K'y)t + (A„k + 7„)n + (ry)^. 


Then, we get 


The system 


—Ar^ + K 7 


Ky - AT^ T ‘iXyT^ 

T~v — XyK T 7 tl) 
Xuu = -Ar^ + K 7 


can be considered as the Gauss-Minardi-Codazzi equations for the surface. By the 
constraint 

An + Bt = 1, 

the system is well determined and the surface a is guaranteed to be a Razzaboni 
surface. 


Similar to case 1, we can define Razzaboni transformation (p : a ^ a* as 

a*{u, v) = a{u, v) + An{u, v). 

R is easily seen that the transformation p satisfies all properties of Razzaboni trans¬ 
formation. Here u* and v* are the geodesic coordinates of dual Razzaboni surface 
a*. And let {t*,n*,b*} be the Frenet Frame of Bertrand geodesics of dual Razz¬ 
aboni surface a*. Then the u*— parameter curves are unit speed spacelike Bertrand 
geodesics and v*— parameter curves forms orthogonal timelike parallels. Since the 
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geodesics of the Razzaboni surface and its dual are Bertrand mates, we have n = n*. 
Also we have 


o'u = (^u + Auu = (1 — AK)t + Arb = T{Bt + Ah). 


That is 


Since h* 


^ Bt + Ab 
* ~ VS2 - ■ 

—t* Xl n*, we obtain 


—At + Bb 
b = , 

y/B^ - A2 

And 

du* = _ A'^Tdu. 

Moreover, we have 

B A kB + At 

(R2 _ ^ {B^-A‘^)t^^ ^ {B‘^-A^)t'^' 

* k,B + At kB + At 

)l = (^2 _ ^2)^ = (^B‘^_A^)t’ 

A B —Ak + Bt 

~{B^-A^)t^^ ^ (R2 = {^B‘^ - A^)t'^' 

-Ak + Bt -Ak + Bt 

« )l - (^2 _ A2)t “ (S2 - A2)r’ 

Case 3: Geodesic Bertrand curves of the Razzaboni surface are timelike. 

Let a = (t{u, v) be a one parameter family of timelike geodesic Bertrand curve in 
M^. And let u and v be the geodesic coordinates of the Razzaboni surface a. Then 
the first fundamental form of the surface is of the form 



I = —dv? + X^dv^. 


Here the u— parameter curves are unit speed timelike Bertrand geodesics and v— 
parameter curves forms orthogonal spacelike parallels. Since {au,(yv)i^ = 0 and the 
principal normal n of geodesics are normal to the surface, then the tangent vectors 
of coordinate curves are given as 

du = t and cj„ = Xb 

where b denotes the binormal vector field of geodesics. The variation of the Frenet 
Frame {t, n, b, } of Bertrand geodesics in u— direction is obtained as follows; 
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by setting { 61 + 2 + 3 ) = in equation 1. The variation of {t,n,b} in v— 

direction must be in the following form: 
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The compatibility condition auv = <^vu implies that 

an + /3b = {XT)n + Xub- 

So, we get a = Xt and /? = A^. Then the variation of {t,n,b} in v— direction 
becomes 
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On the other hand, the compatibility condition tuv = tvu implies that 

tuv = {Kn)y = {XKT)t + {Ky)n + (k7)6, 

tvu = (Arn + Xub)u = {XKT)t + (Ar„ + 2A„r)n + (^7)6. 


So we get 


Ky - A77 T ‘^XiiT. 


And by the compatibility condition Uuv = nm, we obtain 


nuv = {^t - Tb)y = {kv - XuT)t + {kXt + T7)n + (A„k - Ty)b, 
nvu = (Art + 'yb)u = {XuT + Ar„)t + (kAt + T-f)n + (7n)&- 


Thus, we get 


Ty — XuH 7 tf 


Finally, the compatibility condition buv = b^u gives that 


buv = (rn)^ = (Ar^)t + (rt,)n + (t 7)6, 

bvu = {Xut - 'yn)u = {Xuu - K-l)t + (A„k - 7 „)n + (ry)^. 


Then, we get 
The system 


Ar^ + K7 


— Ar^ T 2 A^t, 

ry — A-uK 7tt) 

A«n = Ar^ + K7 


may be regarded as the Gauss-Minardi-Codazzi equations for the surface. If the 
constraint 

Ak + Bt = 1 

is imposed then the system is well determined and the surface a is guaranteed to be 
a Razzaboni surface. 


Again, we dehne the Razzaboni transformation (p : a ^ a* as follows; 

a*{u, v) = a{u, v) + An{u, v). 

Let u* and v* be the geodesic coordinates of dual Razzaboni surface a*. And let 
{t* ,n* ,b*} be the Frenet Frame of Bertrand geodesics of dual Razzaboni surface a*. 
Then the u*— parameter curves are unit speed timelike Bertrand geodesics and v* — 
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parameter curves forms orthogonal spacelike parallels. Since the geodesics of the 
Razzaboni surface and its dual are Bertrand mates, we have n = n*. Also we have 


cr* = — Auu = (1 — AiAjt + Arh = T{Bt + Ah). 


That is 


Since h* 


Bt + Ab 
~ \/S2 - A2 ■ 

—t* Xl n*, we obtain 

—At + Bb 
b = , 

yjB"^ - A2 


And 

dv* = Vb^ - A^rdu. 

On the other hand, we have 
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B A Bk + At 

_ f —I— _ hi ^ _77 

(R2 _ a^)t (R2 _ A‘^)t (R2 _ a^)t ’ 

Bk + At Bk + At 

)l = (-772 _ a‘^)t ~ (772 _ a^)t'’ 

—A B —Ak + Bt 

_ f —I— __77 

(R2 _ a^)t ^ ^ (R2 _ a^)t (R2 _ a^)t ’ 
-Ak + Bt -Ak + Bt 

\K*^^ )l — (-772 _ a'^)t ^ ~ Jb^^^a^' 


Conclusion 

In first case, we obtain that the solutions k, t, A and 7 of the system 


Ky — At^ + 2A^t, 

— Aji^t 7«) 

A«« = -Ar^ - K7, 

Ak + Bt = 1 

constitutes the spacelike Razzaboni surfaces in M^. In the second case we obtain 
that the solutions k, r, A and 7 of the system 

- AT^ T ‘2Xy^T^ 

'Tv — XuK + '')ui 

Ku = -Ar^ + K7 
Ak + Bt = 1 


constitutes the timelike Razzaboni surfaces with timelike v— parameter curves in 

m3. 


For first and second case, the second fundamental form of the surface a is of the 
form 

II = —Kdu^ — 2\Tdudv H—(—A„„ — Ar^)du^. 

K 

Then the Gaussian curvature of the surface is obtained as 

r, ^uu 
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In the last case, we obtain that the solutions k, r, A and 7 of the system 


tvy - ATj/, “h 2 A-j/,7", 

'^v — A^/v 7^; 

A«n = Ar^ + K7 
Ak + i?T = 1 

constitutes the timelike Razzaboni surfaces with timelike u— parameter curves in 
M^. In this case, the second fundamental form of the surface is of the form 

II = —Kdv? — 2\Tdudv + —(—A,j„ + Ar^)du^. 

K 

Then the Gaussian curvature of the surface is obtained as 

^UU 


In the case of yl = 0, which means that Bertrand geodesics of the surface a must 
have constant torsion 

I 

^ “ R’ 

then Razzaboni transformation of the surface coincides the main Razzaboni surface. 
That is 

(/9(cj) = a. 


In case of R = 0, which means that Bertrand geodesics of the surface a must have 
constant curvature, we have 

1 



Thus, Razzaboni transformation is defined as 


ip{a{u,v)) = a*{u,v) = a{u,v) H— n{u,v). 


Since 




then, Razzaboni transformation maps the surface a, whose Bertrand geodesics have 
constant curvature, to the surface a* whose Bertrand geodesics also have constant 
curvature with opposite sign. Moreover, the torsion of Bertrand geodesics of the 
surfaces satisfy the relation 
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